Abstract: In this study, the authors discuss in detail the implementation of all-optical orthogonal frequency-division multiplexing system based on discrete wavelet packet transform (DWPT) by using silicon-on-insulator (SOI) cascaded Mach-Zehnder interferometers (MZIs). DWPT can be used in the multiplexing and de-multiplexing of data channels in coherent optical communication in order to improve spectral efficiency excluding a cyclic prefix. DWPT and inverse-DWPT may be realised in an integrated-photonic MZI platform. They demonstrated experimentally the post-fabrication tuning of 1 × 4 cascaded MZI de-multiplexing filters. Tuning procedures effectively overcome fabrication tolerances and meet the target transfer function of the devices. The fabrication platform represents an essential stepping-stone toward the all-optical realisation of DWPT-based multiplexing.
Introduction
Orthogonal frequency-division multiplexing (OFDM) is widely used in broadband wired and wireless communications [1, 2] . In the case of OFDM, the subcarriers are orthogonal over the one OFDM symbol period [2] . The modulation and multiplexing processes and the demodulation and de-multiplexing processes are achieved digitally using the inverse fast Fourier transform (FFT) and the FFT, respectively [2] . Typically, in OFDM systems a cyclic prefix (CP), i.e. the cyclic extension of the OFDM waveform into the guard interval, is added to the start of the time-domain OFDM symbols before transmission eliminating inter-symbol interference (ISI) and intercarrier interference [2] . However, CP reduces the communication system data rate and, consequently, spectral efficiency (SE) [1, 2] .
Coherent optical OFDM (CO-OFDM) has been recently proposed for the optical networks with the transmission data rate per channel up to 100 Gb/s [3, 4] . CO-OFDM appeared to be robust with respect to both the chromatic dispersion (CD) and polarisation mode dispersion (PMD) of the optical channel [3] . Unlike inverse discrete Fourier transform (IDFT)/DFT with the infinitely long in time-domain sinusoidal functions, wavelets are localised both in time and in frequency domains [5] . Wavelet transforms (WTs) can provide orthogonality between subcarriers using wavelets as basis functions, and a signal can be expanded in an orthogonal set of wavelets [5] . Each channel of the CO-OFDM system occupies a wavelet packet (WP) [5] . For this reason, in CO-OFDM systems based on the WP transform (WPT) and inverse WPT CP is not necessary [5] . In the case of the large CD and PMD the multi-wavelets (MWs) and complex wavelets (CWs) can be applied [6, 7] . The MW-and CW-based OFDM systems are not considered in this paper.
The theory and possible applications of WTs are presented in [8, 9] . The architecture and properties of CO-OFDM communication systems based on WPT have been recently considered in detail [7, 10] . It has been shown that the WPT-based CO-OFDM systems possess higher SE and lower probability of interception since they need no CP [10] .
Modern optical communication systems are required to operate at high rates, long transmission distances, broad bandwidths of data, and impose strong limitations on channel attenuation, cross-talk and dispersion, and linearity [11] [12] [13] . Optical components must be low cost and, in data-com applications, also compatible with the existing silicon integrated circuit (IC) technology [12, 13] . These requirements can be satisfied with silicon photonics based essentially on silicon-on-insulator (SOI) structure [11] [12] [13] . The SOI platform for integrated photonic and electronic components provides the possibility of all-optical signal processing and relaxation of the 'electronic bottleneck' problem [11] [12] [13] . Silicon is characterised by high thermal conductivity, high optical damage threshold and high third-order optical non-linearity [12] . The strong optical confinement of optical modes in the SOI devices caused by the refractive index n contrast between Si with n Si = 3.45 and SiO 2 with n SiO 2 = 1.45 permits the scaling-down of photonic devices to hundreds of nanometres and the essential increase of the integration level [11] [12] [13] . The SOI platform is widely employed in the realisation of cascaded filters, for channel multiplexing in communication systems, in radio-frequency photonics and in sensing applications. Examples include modules within commercial 4 × 10 Gbit/s transceivers [14, 15] ; cascaded ring resonator filters [16] ; and athermal waveguide designs [17, 18] .
WPT operation can be implemented by using the silicon photonic components such as unbalanced Mach-Zehnder interferometers (MZIs) based on SOI structure [10, 19] . MZI is a common device in photonic circuits such as modulators, switches, and filters [11, 20] . The intensity at the output of MZI can be changed by varying the relative phase between the two arms of the interferometer [11] . For instance, in an asymmetric MZI with a length difference between two arms, transmission is strongly wavelength-dependent [20] . In certain wavelength regions small index variations may cause large transmission changes [20] . For this reason, the proper function of cascaded MZI filters critically depends on precise control over individual phase and group delays.
In this paper, we present the following novel results. We proposed the implementation of the Haar-type all-optical inverse discrete WPT (IDWPT)/DWPT based on the SOI structure MZIs. We employed a recently proposed tuning mechanism to the post-fabrication adjustment of individual phase and group delays within that platform. The transfer function of the device is precisely adjusted
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Selected Papers from SIOE 2015 using a highly photosensitive upper-cladding layer of chalcogenide glass. Both group and phase delays of individual paths are adjusted by using a new technique where the upper-cladding layer is removed from select regions. The stable and permanent tuning is an essential pre-requisite for the implementation of the Haar-type all-optical IDWPT/DWPT in the CO-OFDM communication systems. This paper is organised in the following way. In Section 2, the theoretical fundamentals of WPT-based CO-OFDM system are briefly discussed. In Section 3, the manufacturing of the SOI-based unbalanced MZIs are described in detail. The measurement results confirming the filter bank character of the unbalanced MZIs are presented in Section 4. Conclusions are presented in Section 5.
Theoretical model of WPT-based photonic components
In this section, we present only some fundamental definitions that are necessary for the further analysis. A discrete WT (DWT) W m, n T (a, t) of a given function f (t) with a mother wavelet (MW) c(t) is given by Rao and Bopardikar [8] and Daubechies [9] 
where m, n ∈ Z, Z is the set of all integers and the constants a 0 > 1, t 0 > 1. A signal s(t) ∈ V 0 can be represented by a smooth approximation at resolution 2 M as follows [19] 
Here f(t) is the basic scaling function, a subspace V 0 ∈ L 2 (R), L 2 (R) is a the linear vector space of square integrable functions, 2 −l/2 f(2 −l t − kΔt) and 2 −l/2 c(2
are the scaling and detail coefficients, respectively, at resolution 2 l , Δt is the time interval coinciding with the inverse of the free-spectral range (FSR). The scaling function f(t) and wavelet function c(t) are described by the dilation equations [8, 19, 21] 
where
are the coefficients of two half-band (HB) quadrature mirror filters (QMFs) and Δt is the inverse of their FSR. The transfer functions of HB QMFs H(ω) and G(ω) have the form
The evaluation of the discrete wavelet coefficients is equivalent to filtering the signal s(t) by a cascade of mutually orthogonal bandpass filters [21] . The optical HB filter implementation can be realised by using unbalanced MZIs [19, 22] . The DWT scaling and detail coefficients c l [n] and d l [n] are determined by the recursive expressions [19, 22] 
The flexibility in the choice of wavelets allows the use of optimal wavelets for specific applications [19] . In applications based on Si photonics, the advantage of the Haar wavelet is that a wavelet filter can be synthesised as a single MZI with input/output 3 dB couplers [19] . For the implementation of an SOI-based MZI, we used the Haar MW where the wavelet and scaling functions c(t), j(t) and the filter coefficients h[n], g[n] have the form, respectively [5, 8] 
The input signal S in [n] can be decomposed into the sequence of the discrete high-pass filters (HPFs) and low-pass filters (LPFs) with the discrete HPF and LPF impulse responses g[n] and h[n], respectively. An n-points signal is decomposed into two groups of n/2 samples. The first group is the sum of pairs of c[n] of the original signal, and can be described as the output of a discrete LPF followed by a down-sampling operation by a factor of two. The second group describes the differences between pairs d[n], and can be represented as the output of a discrete HPF followed by factor of two down-sampling operation [19] . The Haar WPT can be described by the scheme shown in Fig. 1 .
The inverse operation recovers the original signal from its decomposition coefficients. The scheme of the inverse operation can be constructed in a similar way [10] . The realisation of Haar WP decomposition (WPD) transform and the corresponding inverse WPD (IWPD) in photonic integrated circuit (PIC) based on the MZI delay line architecture is shown in Fig. 2 [19, [22] [23] [24] .
The Haar WPD and IWPD can be represented by the optical fields E out1,2 (t). The optical field E out2 (t) at the lower output of an MZI that is driven by two inputs S 
where j = −1 √ . It represents IWPD. The same MZI can generate the sum of successive values in one of its input ports at one output E out2 (t) and the difference of the same values at the other output E out1 (t), in parallel
Expression (10) represents the Haar WPD. Consequently, discrete Haar WPD and IWPD can be implemented by using MZIs as a basic building block.
Three-stage MZI-based photonic ICs for the realisation of Haar WPT-OFDM encoding and decoding based on the single MZI stage have been considered in detail and the schematics of the Haar-based encoder and decoder had been presented in [10] . The input signal is constructed from eight data channels, which are recovered individually at the eight outputs. The output channels must be down sampled by factor of eight. The all-optical WP encoder calculates the Haar IWPD of eight coefficients, incoming from eight parallel input values. The reconstructed signal appears in series at the output of the circuit. The zero padding is the optical domain equivalent of the up-sampling that is part of a digital IWPD. Similarly, a proper gating is necessary at each of the eight outputs of the decoder circuit, since the original data is only reconstructed at specific time slots within the symbol duration [25] . The remainder of this symbol duration is occupied by noise-like ISI.
Manufacturing of SOI-based unbalanced MZIs
The IDWPT and DWPT may be realised based on cascaded passive MZIs in the SOI platform. The proper function of PIC realisation of such a transform requires that the relative group delays, phase delays, and coupling ratios within individual MZI stages are precisely controlled. The lengths of waveguides within PICs are typically many millimetres or even centimetres, depending on the required bandwidth. The open-loop fabrication of these waveguides cannot provide path lengths control on the scale of the optical wavelength. Consequently, the optical phase that is accumulated along individual paths within the PIC becomes arbitrary. Some measures of post-fabrication tuning are therefore mandatory.
The known methods for the tuning of PICs may be broadly classified as either active-continuous or one-time modifications. Active solutions can rely on localised thermo-optic tuning through the driving of current along metallic resistors that are placed alongside individual waveguides [26] . Another approach is based on the introduction of p-n junctions across the cores of waveguides, and the application of voltage to modify the carrier density and the refractive index [27] . Both methods provide precise adjustments, and alleviate the need for thermoelectric cooling of the entire chip. On the other hand, active tuning increases the complexity of fabrication and operation of devices that are otherwise entirely passive in their function. In cases when temperature control is possible, the one-time, permanent tuning of device response would be advantageous. Many tuning procedures rely on modifications to polymer layers that are applied on top of the waveguide. Compared with these methods, the treatment of a glass upper cladding described in this study provides better stability. Other protocols involve more complex procedure and/or expensive machinery such as the introduction of stresses by an electron beam, the selective etching of an upper cladding, intense ultraviolet or visible light irradiation [28] , alignment of liquid crystals [29] , photo-induced stresses, and photo-elasticity [30] , patterning of a thin, upper silicon nitride film [31] , and local oxidation of the surface of silicon [32] . The method proposed in this study is simple, fast, requires comparatively inexpensive equipment, and provides good stability. The transfer function of tuned devices remains stable over more than three months of storage [33] .
In the following, we demonstrate the tuning of MZI building blocks of IDWPT/DWPT PICs based on the modifications of a chalcogenide glass upper-cladding layer. The tuning ability constitutes a significant milestone toward the all-optical realisation of these transforms. Chalcogenides are glass compositions that contain at least one of the chalcogen elements of the periodic table: S, Se, or Te. These glasses are characterised by several unique optical properties: ultra-broad transparency windows, high refractive index, pronounced non-linearity, and a variety of photo-sensitive effects. The latter may be employed in the tuning of SOI devices. In one example, Canciamilla et al. [34] had shown that the resonant wavelengths of SOI ring resonators may be fine-tuned through the irradiation of an upper cladding of chalcogenide glass with visible light. Illumination modifies the refractive index of the glass layer through a photo-darkening effect [35] .
An intense, focused beam can also induce a mass-transfer effect in chalcogenide glasses. The temperature of the illuminated regions increases above the glass transition due to the radiation absorption. The resulting temperature gradient causes a fast lateral flow of the liquid layer from the hot regions to the cold ones [36] . We have been employing this effect in the selective photo-removal of the upper chalcogenide cladding layer from above regions of interest in the SOI PIC [37] . The photo-removal is permanent and provides the necessary tuning in device response.
Devices were fabricated in SOI wafers, with a device layer thickness of 220 nm and buried oxide layer thickness of 2 μm. Waveguide cores were designed in ridge geometry, with a width of 700 nm and a partial etching depth of 70 nm. Patterns were defined using electron-beam lithography in a layer of ZEP 520a electron-beam resist, and transferred onto the silicon device layer in a reactive ion etching process. Etching was carried out in 37.5 μPa pressure, plasma radio-frequency power of 100 W, and using a mixture of SF6 and C4F8 gasses at 65 and 10 sccm, respectively for a duration of 18 s. Waveguides were terminated by gratings designed for the vertical coupling between the waveguides and the standard single-mode fibres (SSMFs). Transition regions from the comparatively broad gratings to the narrower waveguides were tapered along hundreds of microns. Figs. 3 and 4 show scanning electron microscope (SEM) images of a straight waveguide section and of a grating coupler. The propagation losses of the waveguides were 3 dB/cm. Coupling losses were 8 dB per facet.
The deposition of the upper cladding took part in two stages. First, a 50-100 nm thick intermediate buffer layer of silica was applied to the entire sample using electron-beam evaporation. Evaporation pressure and rate were 9 μPa and 0.03 nm/s. The intermediate layer was required to reduce propagation losses due to the interface between Si and the chalcogenide layer. Finally, a 600-700 nm thick layer of As 10 Se 90 glass was deposited by thermal evaporation of a bulk target, in 0.5 μPa vacuum at 0.5 nm/s rate [37] . The The sample was scanned through the focused beam using a linearised motor stage, at 200 μm/s speed. The upper chalcogenide layer is nearly entirely removed from exposed regions (see an example of a ring resonator device in Fig. 6 ).
Numerical simulations suggest that photo-removal changes the effective index and the group index of the fundamental transverse electric mode of the waveguide by 0.04 refractive index units (RIU) and 0.11 RIU, respectively [37] .
Experimental results for the MZI transfer function measurements
The spectral transfer function of devices was measured using an optical vector network analyser in the 1550 nm wavelength range, with a spectral resolution of 2 pm. Fig. 7 shows the measured transfer function of a single unbalanced MZI, following several consecutive steps of upper-cladding photo-removal from 10 × 10 μm 2 areas along one arm of the interferometer. The differential phase delay of the MZI is effectively tuned by about π/60 rad per 1 μm of cladding removal [38] . The differential group delay of the MZI could be adjusted as well. The measurement results for transfer functions of an unbalanced MZI, with differential path length of 1 mm, are shown in Fig. 8 . The measurements were carried out before and after the photo-removal of the upper-cladding layer from above a 560 μm long segment of the longer arm. The FSR of the device is modified by 1%, suggesting a modification to the group delay index by 0.07 RIU, or 2% [37] . Finally, the trimming of phase delay was used in the adjustment of the transfer function of a cascaded MZI 1 × 4 channel de-multiplexer. The examples of the phase delay tuning within the actual devices are shown in Figs. 5 and 8. Fig. 9 shows the measured transfer functions from the input to all four output ports, immediately following fabrication. In-band insertion losses and side-lobes suppression ratios across the four points are uneven due to the arbitrary phase delays within individual MZIs. The modified transfer functions following trimming are shown in Fig. 10 . They are much closer to the theoretical transfer function of a cascaded MZI filter [40] .
Similar phase delay control is critical for the photonic realisation of the WT as well. The transfer functions remain stable following weeks of storage. The transfer function from the common input to a single output port of a 1 × 8 cascaded MZI channel de-multiplexer before and after the tuning is shown in Fig. 11 . The spectral bandwidth of each channel in the 1 × 4 channel de-multiplexer is determined by the path imbalance in the first MZI in the tree architecture, in which the path imbalance is the largest.
Conclusions
In this study, we discussed in detail the potential implementation of Haar-type IDWPT/DWPT in PICs for CO-OFDM systems. The transforms based on the Haar MW can be realised by cascaded passive, unbalanced MZIs on the SOI platform. In the experimental section, we successfully addressed one of the main challenges associated with such implementations: the precise control of phase and group delays of individual waveguide paths. These are adjusted using a novel protocol of selective photo-removal of an upper-cladding layer of photo-sensitive chalcogenide glass from above segments of waveguide cores. The transfer functions of a 1 × 4 channel de-multiplexer filter bank were successfully adjusted to meet the target response. The simple, stable set-and-forget tuning of cascaded MZI is an essential pre-requisite for the all-optical implementation of IDWPT and DWPT in an integrated-photonic platform. On-going study is being dedicated to the realisation of the transform in chalcogenide-on-SOI devices. Fig. 11 Transfer function of the 1 × 8 cascaded MZI channel de-multiplexer output port before the tuning (upper box) and after the tuning (lower box)
